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In this note we summarize some of the progress made recently by the author, A.G. 
Chetwynd and P.D. Johnson about edge-eolourings of graphs with relatively arge maximum 
degree. 
In this note, multigraphs will have no loops. For a multigraph G, the least 
number of colours needed to colour the edges of G in such a way that no two 
edges on the same vertex of G have the same colour, is called the edge-chromatic 
number, or the chromatic index, of G. It is clear that if A(G) denotes the 
chromatic index of G, then A(G) <- x'(G). If A(G) = x'(G),  then G is said to be 
Class 1, and otherwise G is Class 2. If G is a simple graph, then Vizing [17] 
showed that x ' (G) ~< A(G) + 1. 
If 
IE(G)I > zX(G)L IV(G)I], 
call G overfull. An overfull graph is Class 2; an easy counting argument shows 
this. In [8], A.G. Chetwynd and the author formulated the following conjecture 
(now slightly modified). 
Conjecture 1. If  G is a simple graph with A(G) > 13 [V(G)[, then G is Class 2 if 
and only if G contains an overfull subgraph H with A(H) = A(G). 
The example of Petersen's graph with one vertex removed shows that the 
conjecture is not always true if A(G) = ½ IV(G)I. 
Plantholt [16, 17], Chetwynd and the author have verified Conjecture 1 in the 
following cases, amongst others [1-8]. 
Theorem 1. Conjecture 1 is true if A(G) t> IV(G)[ - 3. 
Theorem 2. If G is a simple graph, and if 
a(G)-> IV(G)IJ + 12r - 2, 
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where r is the number of vertices of degree A(G), then G is Class 1 (so Conjecture 
1 is true in this case). 
A number of conjectures listed below are in fact consequences of Conjecture 1, 
so Theorems 1 and 2 can be used to verify these other conjectures in a number of 
special cases also. 
Theorem 2 has the following corollary (see also [3]). 
Corollary 3. If G is a regular simple graph with IV(G)[ even and A(G)>I 
Iv(G)l, then G is Class 1. 
The 'correct' result here would be with ½ instead ~7. 
Let G,~ be the subgraph of G induced by vertices of degree A. Call a graph 
EN-eritieal (Edge(Normal)-critical) if G is Class 2, connected, and x ' (G \e )< 
x'(G) for all e e E(G). A consequence of Vizing's Adjacency Lemma (see [1] or 
[11]) is that if G is simple and EN-critieal then each vertex is adjacent o at least 
two vertices of GA. A natural question to ask is if there are any more results like 
this. For example, must G,, be connected, must a certain proportion of vertices of 
Ga have degree at least three, etc? The answer to such questions is 'no' (see 
[10]): 
Theorem 3. Let H be a non-empty graph. There exists an EN-critical graph G 
with GA = H if and only if H has no vertices of degree 0 or 1. 
A theorem of Fournier states that if G is a simple graph and GA is a tree, then 
G is Class 1. Let 6(G) denote the minimum degree of G. If G is a tree, then 
clearly 6(Ga) = 1. Are there any circumstances in which 6(Gz~) = 1 implies that G 
is Class 1? Chetwynd and Hilton [9] formulated the following conjecture. 
Conjecture 2. If G is a simple graph with 
(i) A(G) >  (Iv(G)I- 3), and 
(ii) 6(Ga) <- 1, 
then G is Class 1. 
Conjecture 1 implies Conjecture 2 (see [9]), so Conjecture 2 is true in a 
number of eases. The lower bound on A(G) is best possible, as there are simple 
graphs with 6(Ga) ~< 1 and A(G) = ] ( IV(G) I -  3) which are Class 2. 
Call a graph G VN-critieal (Vertex(Normal)-eritieal) if G is Class 2, connected 
and x ' (G \v )  <z' (G)  for all v e V(G). An easy result is 
Theorem 4. A multigraph G is VN-critical if and only if G contains an EN-critical 
subgraph H with x'(H) = x'(G), and every such subgraph spans G. 
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Fig. 1. 
Fiorini [12] produced the example of Fig. 1 to show that a graph can have an 
EN-critical spanning subgraph and yet not be VN-critical. In Fig. 1, G \ {xy} and 
the subgraph of G induced by {v, w, x, y, z} are both EN-critical subgraphs of G 
with x'(H) = x'(G). Hilton and Johnson [14] formulated the following conjecture 
to the effect that any example such as Fiorini's must have relatively low degree. 
Conjectm~ 3. Let G be a simple graph 
VN-critical if and only if G contains a 
x'(H) = x'(G ). 
with A(G)>-½1V(G)I. Then G is 
spanning EN-critical subgraph with 
Conjecture 1 implies Conjecture 3 (see [14]), so Conjecture 3 is true in a 
number of cases. A rather complicated example in [14] shows that the lower 
bound on A(G) would be best possible. 
Hilton and Johnson [14] in fact formulated the following stronger conjecture 
about VN-critical graphs. 
Conjecture 4. Let G be a simple graph with A(G) > ! 3 IV(G)I. If G has a spanning 
EN-critical subgraph H with x'(H) = x'(G), but g is not VN-critical, then G has 
an edge-cut S with 2 ~< ISl A (G)  - 2. 
Thus the 2-edge-cut in Fiorini's example was to be expected. Conjecture 1 also 
impfies Conjecture 4. 
Hilton and Johnson [14] also formulated the following conjecture about 
VN-critical graphs. 
Conjecture 5. Let G be a simple graph with A(G)>~½ IV(G)I. Then G is 
VN-critical if and only if G is overfull. 
As with Conjecture 3, the lower bound on A(G) would be best possible; also 
Conjecture 1 implies Conjecture 5. 
Call a multigraph G VI-critical (Vertex(Index)-critical) if x ' (G \v )< x'(G) for 
all v ~ V(G). Using various cases of Conjecture 1 which are known to be true, 
Hilton and Johnson [14] proved the following theorem. 
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Theorem 5. Let G be a simple graph. Then G is Class I and VI-critical if and only 
if A(G)= IV(G)I- 1 and either IV(G)I =2n and IE(G)l-  6(G)-<2(n-  1) 2, or 
IV(G)I = 2n + 1 and IE(G)I  <2n 2
If a multigraph G contains a vertex v* with which each multiple edge is 
incident, call G a star-multigraph. Star-multigraphs ave been of crucial impor- 
tance in the proof of Theorem 1, and are expected to continue to be important in 
the future. Call a multigraph G EC-critical (Edge(Class)-critical) if G is Class 2 
but G\e  is Class 1 for all e e E(G). Chetwynd and Hilton [7] proved the 
following theorem (the formulation here is slightly modified). 
Theorem 6. Let G be a star multigraph. Then G is EN-critical if and only if either 
(a) G is EC-critical and has no isolated vertex, or (b) G = K~,+I for some n >~ 1, 
where K~,,+I is obtained from K2,+1 by doubling one edge. 
Hilton and Johnson [15] considered the question of which multigraphs axe 
EN-critical but not EC-critical [It is easy to see that EC-criticality~EN- 
criticality]; they formulated Conjecture 6, below. First, if a multigraph G satisfies 
L½ IV(G)IJ + 1, 
call G just overfull. Also, call an overfull multigraph G such that no sub- 
multigraph H with V(H) ~ V(G) satisfies A(H) = A(G) and is overfuU, primitive. 
Conjecture 6. Let G be a multigraph satisfying x ' (G)= A(G) + 1. Then G is 
EN-critical but not EC-critical if and only if the following two conditions hold: 
(i) G has at most two vertices of maximum degree, and if there are two they are 
adjacent, 
(ii) G is just overfull and primitive. 
In [13], Hilton proved the following theorem, where K~,)+I denotes the 
multigraph obtained from K2.+1 by replicating each edge r times. 
Theorem 7. Let 0 <s  <<. r and let s be a set of sn - 1 edges of K~z)+l  . Then K~+x \S 
has chromatic index 2rn + r - s  and is EN-cfftical. 
Theorem 7 has the following corollary, which verifies Conjecture 6 in 
non-trivial case. 
CoroLtry 8. Conjecture 5 is true if ]V(G)I- 2n + 1, A(G) 2,-n and 
one 
for some r ~ 1. 
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Call a multigraph G VC-critical (Vertex(Class)-critical) if G is Class 2 but G \v  
is Class 1 for all v ¢ V(G). Clearly VC-criticality implies VN-criticality. Hilton 
and Johnson [15] formulated the following conjecture. 
Conjecture 7. Let G be a simple graph and let IV(G)[ =2n + 1. Then G is 
VN-critical but not VC-critical if and only if 
(i) G is overfull, and 
(ii) there is a vertex Vo such that G \ Vo contains an overfull subgraph H with 
IV(H)I = 2n - 1 and A(H)= A(G\vo). 
As with Conjectures 2-5, Conjecture 1 also implies Conjecture 7, and so 
Conjecture 7 is known to be true in certain cases. Hilton and Johnson tried, but 
did not succeed, to formulate a sensible conjecture about multigraphs which are 
VN-critical but not VC-critical. 
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